Abstract: This paper provides a new generalization of fuzzy finite state machines, fuzzy transformation semigroups and their relationship. Consider a cubic structure, we introduce cubic finite state machines, cubic transformation semigroups, cubic successor, cubic exchange properties cubic subsystems, cubic submachines, cubic q-twins, cubic retrievable and study fundamental properties of them. We provide relationship between cubic q-twins and a cubic q-related. We provide a characterization of a cubic retrievable. We define cfsm homomorphism and investigated related properties. We show that the composition of strong cfsm homomorphism is also strong. We also define cubic transformation semigroup and it related properties. We define cts homomorphism and its properties.
Introduction
Mathematical models of classical computation, automata have been an important area in theoretical computer science [37] . It started from a seminal paper of Kleene [38] , and within a few years developed into a rich mathematical research topic. From the very beginning finite automata constituted a core of computer science. One of the reason is that they capture very fundamental ideas is witnessed by a numerous different characterizations of the family of rational languages, i.e. languages defined by finite automata [37] . In fact, the interrelation of finite automata and their applications in computer science is a splendid example of a really fruitful connection of theory, practice and these will accept regular language [39] . Finite automata played a crucial role in the theory of programming languages, compiler constructions, switching circuit design, controllers, neural networks, text editor and lexical analyzer [41] . The topic of these investigations belongs to the theoretical soft computing (fuzzy structures). Indeed, it is well known that semigroups are basic structures in many applied branches of information sciences, like finite state machines or automata, formal languages, coding theory and others. To be more precise, structure theory of finite state machines (automata) is based on transformation semigroups. Algebraic automata theory provide powerful decomposition results for finite transformation semigroups by cascade simple parts. Any full transformation semigroup is regular. The fuzzy set theory, proposed by Zadeh [42] is a framework for dealing uncertainty. The literature on fuzzy set theory and its applications have been growing rapidly. Research on fuzzy set theory has received much attention in recent years. Applications of fuzzy set theory have been studied in different areas, that is, artificial intelligence, computer sciences, control engineering, expert, robotics, automat theory, finite state machine, graph theory and others. Fuzzy set is a type of important mathematical structure to epitomize a assortment of objects whose boundary is vague. There are some type of fuzzy set extensions in the fuzzy set theory, for example: interval-valued fuzzy sets, intuitionistic fuzzy sets, bipolar fuzzy set and vague sets etc. Cubic set which was introduced by Jun [36] , is an extension of fuzzy set and interval valued fuzzy set and intuitionistic c 2017 BISKA Bilisim Technology fuzzy set. Jun combined interval valued fuzzy set and fuzzy set to introduced cubic sets and also defined P-union, P-intersection, R-union and R-intersection of cubic sets, and investigate several related properties. Cubic sets is a new framework for dealing uncertainty when fuzzy sets, interval valued fuzzy sets and intuitionistic fuzzy sets fail dealing uncertainty.
The concept of transformation semigroup, covering, cascade product and wreath product play vital role in the study of automata [23] . Since Wee [20] in 1967 introduced the concept of fuzzy automata following Zadeh [42] , fuzzy automata theory has been developed by many researchers. Malik et al. [2, 3, 4, 5] introduced the concepts of fuzzy state machines and fuzzy transformation semigroups based on Wee's concept of fuzzy automata and related concepts and applied algebraic technique. In [1] , Kim et al. introduced the notion of T-generalized state machine and T-generalized transformation semigroup that are extensions of fuzzy state machine and fuzzy transformation semigroup, respectively. They defined the notions of fuzzy finite state submachine of a fuzzy finite state machine, retrievable, separated and connected fuzzy finite state machines and discussed their basic properties. They also introduced a decomposition theorem for fuzzy finite state machines in terms of primary fuzzy finite state submachines. Kumbhojkar and Chaudhari [25] gave different ways of constructing products of fuzzy finite state machines and their mutual relationship, through isomorphism and coverings.
Algebraic technique is very significant in the study of fuzzy automat theory [2, 3, 4, 5] . Algebraic properties and minimization of fuzzy automata and fuzzy languages studied by many authors [7, 8, 9, 10, 11, 12, 13, 14, 15] . One of the essential problems in algebraic fuzzy automata theory is decomposition theory of fuzzy automata, which gives a way for stimulating complex machine by simpler machine [23] . In classical fuzzy automata, the decomposition theorems have been given by utilizing successor operators and submachines [34, 35] . In [33] , Bavel introduced source and successor operators to used explore subautomata, separability, retrievability and homomorphism. Moreover, these operators are often applied to topology, fuzzy directed graphs, fuzzy abstract algebra, model logic and interval structure [26, 27, 28, 40] . Recently, Jun have been introduced intuitionistic ffsms and intuitionistic ftss, as well as studied their relationship (see [16, 17, 18, 19] ), but it is clear, looking through the literature, that the cubic sets are more advisable in order to model uncertainty in some applications. Taking cubic structure, We defined cubic finite state machine (cfsm) and cubic transformation semigroups (cts) as a generalization of fuzzy finite state machine, fuzzy transformation semigroups [2, 3, 4, 5] , intuitionistic fuzzy finite state machine and intuitionistic fuzzy transformation semigroups [16, 17, 18, 19] . We also define cubic successor, cubic exchange properties cubic subsystems, cubic submachines, cubic q-twins, cubic retrievable, and study related properties. Using a cubic finite state machine, we make two finite semigroups with identity, and show that they are isomorphic. We also introduce the notion of cubic admissible relation, and initiate its characterization. We establish an isomorphism between a cubic finite state machine and the quotient structure of another cubic finite state machine.
In this article, we apply the notion of cubic sets to finite state machine to introduce the concept of cubic finite state machines, cubic transformation semigroups, cubic successor, cubic exchange properties cubic subsystems, cubic submachines, cubic q-twins, cubic retrievable, and study related properties. We show relationship between cubic q-twins and a cubic q-related. We provide a characterization of a cubic retrievable. We define cfsm homomorphism and investigated related properties. We show that the composition of strong cfsm homomorphism is also strong. We also define cubic transformation semigroup and it related properties. We define cts homomorphism and its properties. 
Basic concept
A map λ : X → [0, 1δ * (q, ε, p) = 1 if q = p 0 if q = p δ * (q, mn, p) = r∈Q {δ * (q, m, r) ∧ δ * (r, n, p)} for all p, q ∈ Q, m, a ∈ M * .
Definition 3. A fuzzy transformation semigroups (in short, fts) is a triple S = Q, X, λ , where Q is a non-empty finite set, X is a finite semigroup with identity ε and λ is a fuzzy set in Q
× X × Q such that (T S1) λ (q, ε, p) = 1 if q = p 0 if q = p (T S2) λ (q, xy, p) = r∈Q {λ (q, x, r) ∧ λ (r, y, p)} for all p, q ∈ Q, x, y ∈ X.
Cubic finite state machine
In [2, 5] , Malik et al. defined fuzzy finite state machine (automata) based on Wee's concept of fuzzy automata and related concepts and applied algebraic technique. Jun introduced the concept of intuitionistic fuzzy finite state machine and studied fundamental results. We define cubic finite state machines, cubic successor, cubic exchange properties cubic subsystems, cubic submachines, cubic q-twins, cubic retrievable, and study related properties. The present concept is generalization the concept of Malik et al [2, 5] and Jun concept [17] .
Definition 4. A cubic finite state machine (cfsm, shortly) is a triple ℵ = Q, M, A , where Q and M are finite non-empty sets, called the set of states and the set of input symbols, respectively, and
Thus, ℵ = Q, M, A is a cubic finite state machine
Let M * denote the set of all words of elements of M of finite length. Let |m| denote the length of m for every m ∈ M * and ε denote the the empty word in M * . We generalized the following definition by using the t-norm and cot-norm.
Proof. Take p, q ∈ Q and m, n ∈ M * . Then, we shall prove the result by using induction on |a| = n. In case of n = 0, then a = ε and so ma = mε = m. Hence,
Hence, the result is valid for n = 0. Assume that the result is true for all u ∈ M * such that |u| = n − 1, n > 0. Let a = uv, where u ∈ M * and v ∈ M. Then,
Thus, the result is true for |a| = n.
We denoted by (ξ , η) :
A cfsm homomorphism (ξ , η) is called isomorphism if, both mappings ξ and η are bijective.
Remark. If (ξ , η) : ℵ 1 −→ ℵ 2 is a strong cfsm homomorphism and one-to-one, then
(1) Let ξ 1 be onto. Then, the composition (ξ 2 , η 2 ) • (ξ 1 , η 1 ) : ℵ 1 −→ ℵ 3 is a strong cfsm homomorphism.
(2) Let ξ 1 and ξ 2 be one-to-one. Then, the composed cfsm homomorphism is also strong.
Proof.
(1) Since (ξ 1 , η 1 ) : ℵ 1 −→ ℵ 2 and (ξ 2 , η 2 ) : ℵ 2 −→ ℵ 3 are both strong homomorphism, for any p 1 , q 1 ∈ Q 1 and m 1 ∈ M 1 , we have
Since ξ 1 is onto, so every r 2 ∈ Q 2 can be written as ξ 1 (s 1 ) for some s 1 ∈ Q 1 . And then, for every r 2 ∈ Q 2 such that ξ 2 (r 2 ) = ξ 2 (ξ 1 (p 1 )) . Thus,
Hence, 
Hence,
(2) Since ξ 1 and ξ 2 are one-to-one, then we have, for any p 1 , q 1 ∈ Q 1 and m 1 ∈ M 1 , so
Hence, proof.
Definition 7. Let ℵ = Q, M, A is a cfsm and take p, q ∈ Q. Then, (1) p is called a cubic immediate successor of q if there exists v ∈ M such that A (q, v, p) ≻ 0 and λ (q, v, p) < 1 (2) p is called a cubic successor of q and q is called source of p if there exists an element a
∈ M * such that A * (q, a, p) ≻ 0 and λ * (q, a, p) < 1
. The set of all cubic successor of q is denoted by C (q) and the set of all cubic sources of p is denoted by CS (p).

Theorem 2. Let ℵ = Q, M, A is a cfsm. Then, for any p.q, r ∈ Q, the following properties hold.
(1) q ∈ C (q) (2) If p ∈ C (q) and r ∈ C (p), then r ∈ C (q).
Proof. 1) Since A * (q, v, q) = 1 ≻ 0 and λ * (q, v, q) = 0 < 1, so q ∈ C (q).
2) Take p ∈ C (q) and r ∈ C (p), then there exist m, a ∈ M * such that A * (q, m, p) ≻ 0, λ * (q, m, p) < 1, A * (p, a, r) ≻ 0 and λ * (p, a, r) < 1. We using Proposition 1, we have
Hence, r ∈ C (q).
Definition 8. Let ℵ = Q, M,
A is a cfsm. Then, the cubic source, cubic successor operator C Q , CS Q : ℘(Q) −→ ℘(Q) are defined as:
Note that CS Q (T ) and C Q (T ) are denoted as CS (T ) and C (T ), respectively. If no confusion creates, then C ({q}) and CS ({q}).
Theorem 3. Let ℵ = Q, M, A is a cfsm and let T and N be any subsets of Q. Then, the following assertions hold.
(
1) If T ⊆ N, then C (T ) ⊆ C (N) and .CS (T ) ⊆ CS (N) (2) T ⊆ C (T ) and T ⊆ C (T ) . (3) C (C (T )) = C (T ) . (4) C (T ∪ N) = C (T ) ∪C (N) and CS (T ∪ N) = CS (T ) ∪C (N) . (5) C (T ∩ N) ⊆ C (T ) ∩C (N) . (6) C (T ) = T if and only if CS (Q T ) = Q T
Proof. The proofs of (1), (2), (4), (5) are straightforward. We only prove (3), obviously C (T ) ⊆ C (C (T )) . Let q ∈ C (C (T )). Then, q ∈ C (p) for some p ∈ C (T ). If p ∈ C (T ), then there exist s ∈ T such that p ∈ C (s). Using Theorem 2, we have q ∈ C (s) ⊆ C (T ) so that C (C (T )) ⊆ C (T ) . Hence, (3) is true.
which is a contradiction with the fact p ∈ Q T . Hence, q ∈ Q T and CS
(Q T ) ⊆ Q T . Since Q T ⊆ CS (Q T ), this follows that CS (Q T ) = Q T . Conversely, suppose CS (Q T ) = Q T . Let q ∈ C (T ). Then, q ∈ C (p) for some p ∈ T . Thus, p ∈ CS (q) . If q ∈ Q T , then p ∈ CS (q) ⊆ CS (Q T ) = Q T, which contradicts with the assumption of p ∈ T. Thus, q ∈ T . So, C (T ) ⊆ T . Since T ⊆ C (T ) , it follows that C (T ) = T .
Definition 9. Let ℵ = Q, M, A is a cfsm. Then, ℵ satisfies the cubic exchange property if for all p, q ∈ Q and T is any
subset of Q such that p ∈ C (T ∪ {q}) and p / ∈ C (T ), then q ∈ C (T ∪ {p}).
Theorem 4. Let ℵ = Q, M,
A is a cfsm. Then, the following axioms are equivalent.
(1) ℵ holds the cubic exchange property.
Proof. Suppose that ℵ holds the cubic exchange property.
Conversely, suppose that (2) is true. Take p, q in Q and T is a subset of Q. If p ∈ C (T ∪ {q}) and p / ∈ C (T ), then by using (2), we have q ∈ C (p) ⊆ C (T ∪ {p}) .
Hence, ℵ holds the cubic exchange property. Proof. Assume that B is a cubic subsystem of ℵ and let p.q ∈ Q and m ∈ M * . We will use the induction for proof |m| = n. In case of n = 0, then m = ε. Now if p = q, then
Thus, the result is valid for n = 0. Now assume the result is true for all y ∈ M * such that |y| = n − 1, n > 0. Let m = yx, where x ∈ M. Then,
Conversely, straightforward.
Definition 11. A cfsm ℵ = Q, M, A is called a cubic retrievable if
(∀q ∈ Q) (∀m ∈ M * ) (∃t ∈ Q) A * (q, m,t) ≻ 0 and λ * (q, m,t) < 1 ⇒ (∃a ∈ M * ) A * (t, a, q) ≻ 0 and λ * (t, a, q) < 1 .
Definition 12. Let ℵ = Q, M, A be a cfsm and take q, r,t ∈ Q. Then, r and t are called cubic q-related if there exists
m ∈ M * such that A * (q, m, r) ≻ 0, A * (q, m,t) ≻ 0, λ * (q, m, r) < 1 and λ * (q, m,t) < 1.
We say that r and t are cubic q-twins if (i) r and t are called cubic q-related,
(ii) C (r) = C (t) .
Proposition 2.
Let ℵ = Q, M, A be a cfsm. Then, the following conditions are equivalent.
(1) ∀q, r,t ∈ Q, if r and t are cubic q-related, then r and t are cubic q-twins.
Proof. (1) ⇒ (2) : Take p, q, r ∈ Q and a, m ∈ M * be such that
Then, by Proposition 1, there exists t ∈ Q such that A * (q, m,t) ≻ 0, A * (t, a, p) ≻ 0, λ * (q, m,t) < 1, λ * (t, a, p) < 1. This mean that r and t are cubic q-related. This follows from (1), r and t are cubic q-twins, so that p ∈ C (r) = C (t).
(2) ⇒ (1) : Assume that (2) is true. Take p, q, r ∈ Q be such that r and t are cubic q-related. Then, there exists m ∈ M * such that
Hence, p ∈ C (r) by given condition. Similarly, if p ∈ C (t), then p ∈ C (r). Thus, r and t are cubic q-twins.
Theorem 6. Let ℵ = Q, M, A be a cfsm. Then, ℵ is a cubic retrievable if and only if it hold
(1)
(2) ∀q, r,t ∈ Q, if r and t are cubic q-related, then r and t are cubic q-twins.
Proof. Straightforward
Cubic transformation semigroups
In this section, we define cubic transformation semigroups and related properties. The given concept is a generalization of fuzzy transformation semigroup and intuitionistic fuzzy transformation semigroups. Symmetric: Now let m ∼ a. Then,
Definition 13. A cubic transformation semigroup (in short, cts) is a triplet S = Q, X, A , where Q is a non-empty finite set, X is a finite semigroup and
Hence, a ∼ m.
Transitive: Take p, q ∈ Q and m, a, b ∈ M * be such that m ∼ a and a ∼ b. Then,
and
From equation 1 and 2, its follow that
Hence, ∼ is an equivalence relation on M * .
For any m ∈ M * , we denote
Proposition 3. Let ℵ = Q, M, A be a cfsm and define a binary operation
Proof. Straightforward.
Example 4.
Let ℵ = Q, M, A be cfsm, where Q = {q} and X = {x 1 , x 2 } and A = A, λ is defined by
For any a, b ∈ M * , we have
Hence, a ∼ b and so
We can easily construct a faithful transformation semigroup from any transformation semigroup in the case of cubic set.
for all x, y ∈ X. Hence "≈" is a equivalence relation on X. Let (ii) The triple S = Q, X/ ≈, A is a faithful cubic transformation semigroup, where
Proof. 
Thus, we conclude that T S1 holds.
If we consider any x, w ∈ X, and any p, q ∈ Q, then Hence, S = Q, X/ ≈, A is a faithful. We denoted by (ξ , η) :
A cts homomorphism (ξ , η) is called strong if, in addition, for any p 1 , q 1 ∈ Q 1 and x 1 ∈ X 1 , A 2 (ξ (q 1 ) , η (x 1 ) , ξ (p 1 )) = A 1 (q 1 , x 1 , r 1 ) ξ (r 1 ) = ξ (p 1 ) and λ 2 (ξ (q 1 ) , η (x 1 ) , ξ (p 1 )) = { λ 1 (q 1 , x 1 , r 1 )| η (r 1 ) = η (p 1 )} .
A cts homomorphism (ξ , η) is called isomorphism if, both mappings ξ and η are bijective.
Remark. If (ξ , η) : ℵ 1 −→ ℵ 2 is a strong cts homomorphism and ξ one-to-one, then for any p 1 , q 1 ∈ Q 1 and x 1 ∈ X 1 A (q 1 , m 1 , r 1 ) = A 2 ((ξ (q 1 ) , η (m 1 ) , ξ (p 1 )) and λ 1 (q 1 , m 1 , r 1 ) = λ 2 (ξ (q 1 ) , η (m 1 ) , ξ (p 1 )) .
Theorem 8. The set of all cfts together with all the cts homomorphism constitutes a category.
Proof. First, since the fair (id Q , id X ) is an cts homomorphism for any cts S = Q, X/ ≈, A . Next we prove, if S 1 , S 2 , S 3 are cubic transformation semigroups and let us consider the cts homomorphisms (ξ 1 , η 1 ) : S 1 −→ S 2 and (ξ 2 , η 2 ) : S 2 −→ S 3 . Then, the composition (ξ 2 • ξ 1 , η 1 • η 2 ) : S 1 −→ S 3 is also homomorphism, denoted by (ξ 2 , ηξ 12 ) • (ξ 1 , η 1 ).
The next result, as well as his proof, is same as Theorem 1.
Theorem 9. Let S 1 , S 2 , S 3 be ctss and let (ξ 1 , η 1 ) : S 1 −→ S 2 and (ξ 2 , η 2 ) : S 2 −→ S 3 be both strong cts homomorphisms.
(i) If ξ 1 is onto, then (ξ 2 , η 2 ) • (ξ 1 , η 1 ) : S 1 −→ S 3 is a strong cts homomorphism.
(ii) If ξ 1 , ξ 2 are one to one, then the composed cts homomorphism is also strong.
